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We revisit the ground state of the spin-Fermion model within a semilassial approximation. We
demonstrate that antiphase spin spirals, or pi-spirals, whose hirality alternates between onseutive
rows (or olumns) of loal moments, have, for suiently high arrier onentration, lower energy
than the traditional Shraiman and Siggia spirals. Furthermore, pi-spirals give rise to modulated
hopping, anisotropi 1D transport, and harge density wave formation. Finally, we disuss the
relevane of pi-spirals to the physis of harge stripe formation in uprates, suh as La2−xSrxCuO4.
PACS numbers: 74.25.Ha, 75.10.Jm, 74.72.Dn
I. INTRODUCTION
The determination of the ground state of a strongly
orrelated system where ondution eletrons interat
with loal magneti moments is an issue that is rele-
vant to many dierent areas of ondensed matter physis.
The usual starting point for suh study is the so alled
Kondo lattie model (KLM), where the loal moments
are assumed to form a regular lattie. The KLM has be-
ome the paradigm for the study of the physis of heavy
Fermion (HF) ompounds and has been extensively in-
vestigated both theoretially and with numerial meth-
ods (for reent referenes see, for example, Refs. 1 and
2). When generalized to inlude a Heisenberg superex-
hange interation, J , that favours antiferromagneti or-
dering among nearest neighbour loal moments, the gen-
eralized KML, or yet, the spin-Fermion (SF) model, has
been argued to apture the essential physis of the high
temperature superondutors (HTSC).
3
Within the framework of the HTSC, the ondution
eletrons in the SF model are provided by the holes doped
into the px and py orbitals of the O
−−
ions, while the lo-
al moments are provided by the inomplete 3dx2−y2 shell
of the Cu
++
ions. Although this mirosopi piture is by
now well established, after 20 years of intense theoretial
and numerial researh
4
the ground state of the HTSC
is not yet ompletely understood. It is believed that the
true nature of the ground state is determined by the om-
petition between the dierent energy sales of the model:
the hopping integral, t, the Kondo oupling, JK , and the
antiferromagneti superexhange, J , as well as by disor-
der. A large number of possible ground states have been
obtained in the literature, inluding phase separation,
5
harge stripes formation,
6
and spiral magneti order,
7,8
among others.
From the experimental point of view, inelasti neu-
tron sattering experiments within the superonduting
phase of La2−xSrxCuO4, x > 5.5%, revealed that dy-
namial inommensurate (IC) spin orrelations oexist
with superondutivity
9
. In addition, it has also been
observed experimentally the existene of IC "harge"
peaks aompanying the IC magneti order, with twie
the inommensurability of the magneti one.
10
These re-
sults were immediately and onsistently interpreted as
evidene of the formation of harge stripes that at as
antiphase domain walls,
6
and apparently rule out other
possible ground states suh as Shraiman-Siggia spirals,
7
whih, despite being able to explain the IC magneti or-
der, require a uniformly harged ground state.
11
In this brief report we revisit the ground state of the SF
model for uprate superondutors within a semilassi-
al approximation. We demonstrate that antiphase spin
spirals, or π-spirals, whose hirality alternates between
onseutive rows (or olumns) of loal moments, have,
for suiently high arrier onentration, lower energy
than the traditional Shraiman and Siggia spirals. Fur-
thermore, π-spirals give rise not only to IC magnetism
but also to modulated hopping, anisotropi 1D trans-
port, and harge density wave (CDW) formation. Thus,
our theoretial results indiate, for the rst time, the pos-
sibility of the oexistene between spiral magneti order
and CDW formation, in agreement with reent quantum
Monte Carlo simulations for the SF model.
12
Finally, we
disuss the relevane of π-spirals to the physis of harge
stripe formation in the low temperature tetragonal phase
of uprate superondutors, suh as La2−xSrxCuO4.
II. THE SPIN-FERMION MODEL
The Hamiltonian for the spin-fermion model an be
written as H = Ht +HK +HJ where
Ht = −t
∑
〈i,j〉,α
(p†i,αpj,α + h.c.)− µ
∑
iα
p†i,αpi,α
HK =
JK
2
∑
i,α,β
Si · p†i,α σαβ pi,β
HJ = J
∑
〈i,j〉
Si · Sj , (1)
p†i,α reates a hole at the site i with spin projetion α, t
is the nearest-neighbour hopping integral, JK is an an-
tiferromagneti exhange interation between the Cu
++
loal moment and the spin of the doped O
−−
holes, J
is the Heisenberg antiferromagneti superexhange, and
µ is the hemial potential. In the large JK/t limit, the
above Hamiltonian is known to redue to the t−J model.
2Sine ondution eletrons and loal moments in the
SF model are independent degrees of freedom we an
treat the loal moments lassially without aeting the
mobile Fermions.
13
This is the basis of the semilassial
approximation used here. In this ase, the Hamiltonian
beomes quadrati in the Fermion elds and an be di-
agonalized. For simpliity we hoose a spin-quantization
basis suh that Si = (0, 0, S) at every site, and the
Kondo term redues to a shift on the hemial poten-
tial for the dierent spin omponents of the doped holes,
HK = (JK/2)S
∑
i(p
†
i,↑pi,↑ − p†i,↓pi,↓).
As it was originally proposed long ago by Shraiman
and Siggia,
7
for t > J (for La2−xSrxCuO4 t/J ≈ 3) the
hopping of the doped holes is favoured by a nonollinear
onguration for the loal moments of the spiral type (see
also Ref. 14). Beause of our hoie for the loal spin-
quantization basis, as the spins spiral so does the loal
frame. This will aet the mobile holes that transform
under the following SU(2) transformation
U(xi) = e
iθiζ·~σ/2 = cos
θi
2
+ i ~σ · ζ sin θi
2
. (2)
Here ζ is a unitary vetor pointing to an arbitrary dire-
tion in the plane perpendiular to the loal spin, and ~σ
are the Pauli matries. Under suh SU(2) transformation
the Fermion elds are then transformed as(
pi,↑
pi,↓
)
= U †(xi)
(
ci,↑
ci,↓
)
, (3)
and we usually write
θi = q · xi, (4)
in suh a way that the lassial AF Néel state is
parametrized by q = (π, π) and has lassial energy
EAF = −4NJS2, where N is the total number of loal
moments.
III. INPHASE OR 0-SPIRALS
Inphase or 0-spirals are parametrized as having an IC
wave vetor given by, for example,
q = (qx, π). (5)
This orresponds to Shraiman-Siggia original solution
7
(see Fig. 1) and in this ase the SF model redues to
Ht = −t
∑
〈i,j〉,α
cos
(
q · (xi − xj)
2
)
(c†i,αcj,α + h.c.)
− t
∑
〈i,j〉
sin
(
q · (xi − xj)
2
)
(ie−iζc†i,↑cj,↓ − ie
iζc†j,↑ci,↓),
HK =
JKS
2
∑
i
(c†i,↑ci,↑ − c
†
i,↓ci,↓),
HJ = −2NJS
2 [1− cos qx] . (6)
Antiphase or    −spiralspi
... n−1 n n + 1 ...
m
m+1
Inphase or 0−spirals
clockwise
clockwise
clockwise
clockwise
counter
FIG. 1: Inphase (top) and antiphase (bottom) spiral on-
gurations for the magneti ground state of the spin-Fermion
model. For inphase (1, 0) spirals all spins rotate lokwise, for
example, in every row m of opper ions. For antiphase (1, 0)
spirals, on ontrary, the sense of rotation alternates between
two onseutive rows, m and m+ 1 for example.
The spiraling of the loal moments favours the hopping
of the ondution eletrons in the diretion of the pith of
the spiral via the Ht term, at the prie of some magneti
energy loss (HJ in Eq. (6) is larger than −4NJS2). In
momentum spae the above Hamiltonian reads
H =
∑
k
( c†
k,↑ c
†
k,↓ )
(
ξ0(k) +
JKS
2
ξ2(k)
ξ2(k) ξ0(k)−
JKS
2
)(
ck,↑
ck,↓
)
,
(7)
where
ξ0(k) = −2t coskx cos qx
2
,
ξ2(k) = −2t
[
sin kx sin
qx
2
+ sinky
]
. (8)
The above Hamiltonian an be diagonalized in momen-
tum spae and we obtain the dispersions
ǫ±0 (k) = ξ0(k)±
√
ξ22(k) +
(
JKS
2
)2
, (9)
with energy minima are loated near k0 = (π/2, π/2) and
symmetry related points in the magneti Brillouin zone.
We now alulate the total energy of the 0-spiral
ground state. It is lear that, although the system pays
magneti energy in order to stabilize the 0-spiral, the gain
in kineti energy
E0kin =
∑
k
ǫ−0 (k)Θ(µ− ǫ−0 (k)), (10)
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FIG. 2: (Color online) Modulated hopping amplitudes for the
two degenerate antiphase or pi-spiral ongurations at lling
δ = 1/8. The blue (solid) urve is the hopping amplitude
when the spins in the top row rotate lokwise (ase drawn)
while the red (dashed) urve is the hopping amplitude when
the spins in the top row rotate ounter-lokwise (not shown).
is always larger than the magneti energy loss, already for
innitesimal doping (as it has been demonstrated in Ref.
15, a Dzyaloshinskii-Moriya term, not onsidered here,
an shift this instability to nite doping, thus stabilizing
the Néel ground state). Here we assumed that only the
lower energy band in Eq. (9) is lled, due to the large
gap (JKS)/2 (reall that JK/t ≫ 1), and we used that
kF =
√
2πδ, where δ gives the arrier onentration.
The are two problems with the 0-spiral state: i) it
does not break translational invariane in the harge se-
tor, as it is observed experimentally;
10
ii) it favours the
transport in the diretion parallel to the pith of the
spiral, while experiments have demonstrated that the
anisotropi 1D transport should be perpendiular to it.
16
As we shall demonstrate now, both issues are naturally
inorporated by the antiphase or π-spiral state.
IV. ANTIPHASE OR pi-SPIRALS
Antiphase or π-spirals an be parametrized by the IC
wave vetor
qm = ((−)mqx, π), (11)
where m labels a ertain row of Cu++ ions, see Fig. 1.
The spin-Fermion model in this ase is rewritten as (m
and n label, respetively, rows and olumns of loal mo-
ments)
Ht = −t
∑
m,n,α
cos
qx
2
(c†(m,n+1)αc(m,n)α + h.c.)
− t
∑
m,n,α
sin (nqx)(c
†
(m+1,n)αc(m,n)α + h.c.)
+ t
∑
m,n
cos (nqx)(ie
−iζc†(m+1,n)↑c(m,n)↓ + h.c.)
+ t
∑
m,n
cos (nqx)(ie
iζc†(m+1,n)↓c(m,n)↑ + h.c.)
HK =
JKS
2
∑
m,n
(c†(m,n)↑c(m,n)↑ − c†(m,n)↓c(m,n)↓)
HJ = 2NJS
2 cos qx. (12)
There are important dierenes with respet to the
ase of the 0-spirals: i) in the π-spiral ground state, the
spin independent part of the hopping perpendiular to
the spiral pith beomes modulated, see Fig. 2; ii) it be-
omes maximal for parallel ongurations of the loal
moments, as in positions n = 2, 6; iii) it vanishes for
antiparallel ongurations for the loal moments, as in
positions n = 0, 4, 8. Furthermore, the modulation in
the vertial hopping leads to a modulation on the arrier
density, and, as a onsequene, to a CDW instability of
the stripe sort.
6
Finally, it is lear that the vertial hop-
ping an be muh larger than the horizontal one, thus
exposing the 1D nature of the transport in the π-spiral
phase.
We still have to show that the π-spiral phase has lower
energy than the 0-spiral one. In momentum spae the
Hamiltonian reads
H =
∑
k
( c†k,↑ c
†
k+q,↑ c
†
k,↓ c
†
k+q,↓ )


ξ0(k) +
JKS
2 −∆(k) e−iζξ2(k) e−iζ∆(k)
−∆(k) ξ0(k+ q) + JKS2 e−iζ∆(k) e−iζξ2(k+ q)
eiζξ2(k) e
iζ∆(k) ξ0(k) − JKS2 −∆(k)
eiζ∆(k) eiζξ2(k+ q) −∆(k) ξ0(k+ q)− JKS2




ck,↑
ck+q,↑
ck,↓
ck+q,↓

 .
(13)
The above Hamiltonian an be diagonalized and the new dispersions are
ǫ(±,±)π (k) = ±
√
FI(k)± 2
√
FII(k), (14)
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FIG. 3: Doping dependene of the energy of both inphase or
0-spirals and antiphase or pi-spirals. We see that although
Epi > E0 at low doping, for larger δ it beomes the true
semilassial magneti ground state of the system.
where
FI(k) = ξ
2
2(k) + ξ
2
0(k) + 2∆
2(k) +
(
JKS
2
)2
, (15)
and
FII(k) = (∆
2(k)−ξ2(k)ξ0(k))2+
(
JKS
2
)2
(ξ20(k)+∆
2(k)).
(16)
Here
∆(k) = t sin ky (17)
is the CDW gap, with the property ∆(k+ q) = −∆(k).
We see that Eqs. (14) redue to Eqs. (9) in the limit
∆ = 0. For ∆ 6= 0, in turn, both ǫ(−+)π (k) and ǫ(−−)π (k)
are always smaller than ǫ−0 (k), and thus
Eπkin =
1
2
∑
k
{
ǫ(−+)π (k)Θ(µ − ǫ(−+)π (k))
+
∑
k
ǫ(−−)π (k)Θ(µ− ǫ(−−)π (k))
}
, (18)
provides us with a rather large gain in kineti energy.
In partiular, we found that for δ ≈ 5%, π-spirals al-
ready have lower energy than 0-spirals, see Fig. 3. We
used units suh that J = 1, with t = 3 and JK = 5,
whih have the orret hierarhy tipially observed in su-
peronduting uprates (JK > t > J). As a result, the
stabilization of a striped CDW phase oexisting with π-
spirals breaks the translational symmetry in the harge
setor, gives rise to IC magneti orrelations, and favours
1D trasport perpendiular to the spiral pith.
V. CONCLUSIONS
Using a semilassial approximation we have revisited
the ground state of the SF model. We have shown that
π-spirals have lower energy than 0-spirals and give rise
to modulated hopping, anisotropi transport, and CDW
formation. Thus, although suh semilassial analysis
is, stritly speaking, only valid for large S, the possi-
bility of the oexistene of spiral magneti order and
harge modulation is an appealing feature of the new
semilassial ground state here presented, aptures the
essential physis of the harge and magneti IC order in
La2−xSrxCuO4, and has been reently obtained numeri-
ally with quantum Monte Carlo.
12
The stability of the
semilassial π-spiral ground state towards utuations
has still to be demonstrated, but we believe that, as it
happens for the ase of 0-spirals in the t − J model,14
the π-spiral phase an also be made robust through the
inlusion of next-to-nearest neighbour hopping terms.
The author aknowledges disussions with R. Doretto,
C. Morais Smith, A. Moreo, O. Sushkov, and J. Zaanen.
1
S. Trebst, H. Monien, A. Grzesik, and M. Sigrist, Phys.
Rev. B 73, 165101 (2006).
2
S. Capponi and F. Assaad, Phys. Rev. B 63, 155114 (2001).
3
J. Zaanen and A. Olés, Phys. Rev. B 37, 4923 (1988).
4
M. A. Kastner, R. J. Birgeneau, G. Shirane, and Y. Endoh,
Rev. Mod. Phys. 70, 897 (1998).
5
A. V. Chubukov and K. A. Musaelian, Phys. Rev. B 51,
12605 (1995).
6
J. Zaanen and O. Gunnarsson, Phys. Rev. B 40, 7391
(1989); K. Mahida, Physia C 158, 192 (1989).
7
B. I. Shraiman and E. D. Siggia, Phys. Rev. B 46, 8305
(1992).
8
C. L. Kane, P. A. Lee, T. K. Ng, B. Chakraborty, and N.
Read, Phys. Rev. B 41, 2653 (1990).
9
K. Yamada et al., Phys. Rev. B 57, 6165 (1998).
10
J. M. Tranquada et al., Nature (London) 375, 561 (1995).
11
An alternative explanation for the "harge peaks" in
La2−xSrxCuO4 was reently proposed by the author in
Phys. Rev. B 74, 045109 (2006).
12
M. Moraghebi, S. Yunoki, and A. Moreo, Phys. Rev. Lett.
88, 187001 (2002).
13
M. Hamada and H. Shimahara, Phys. Rev. B 51, 3027
(1995).
14
O. P. Sushkov and V. K. Kotov, Phys. Rev. B 70, 024503
(2004); Phys. Rev. Lett. 94, 097005 (2005).
15
V. Jurii, M. B. Silva Neto, and C. Morais Smith, Phys.
Rev. Lett. 96, 077004 (2006).
16
Y. Liu, J. F. Qu, Y. Q. Zhang, and X. G. Li, Europhys.
Lett. 72, 795 (2005).
